INTRODUCTION
Let N be a square-free integer greater than 6 and let X 0 (N) denote the modular curve over Q associated to Γ 0 (N), the congruence subgroup of SL 2 Let C N be the cuspidal group of J 0 (N) generated by degree 0 cuspidal divisors, which is finite by Manin and Drinfeld [4, 10] .
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Ribet conjectured that all Eisenstein maximal ideals are "cuspidal". In other words, C N [m] = 0 for any Eisenstein maximal ideal m. There were many evidences of this conjecture. In particular, special cases were already known (cf. [19, §3] ). In this paper, we prove his conjecture. In §3, we study basic properties of the cuspidal group C N of J 0 (N). In particular,
we explicitly compute the order of the cuspidal divisor C M, N , which is the equivalence class of ∑ k|M (−1) ω(k) P k , where ω(k) is the number of (distinct) prime divisors of k and P k is the cusp of X 0 (N) corresponding to 1/k ∈ P 1 (Q). (1) N = M and M is a prime such that M ≡ 1 (mod 8);
(2) N = 2M and M is a prime such that M ≡ 1 (mod 8) .
(See Notation
for the definition of ϕ(N) and ψ(N).) This theorem generalizes
the works by Ogg [13, 14] and Chua-Ling [1] to the case where ω(N) ≥ 3. In §4, we introduce Eisenstein series and compute their residues at various cusps. With these computations, we can prove the following theorem in §5. Finally, combining all the results above, we prove our main theorem in §6.
Acknowledgements. We are grateful to Ken Ribet for suggesting the problem and his advice during the preparation of this work. We thank the anonymous referee for careful reading and a number of suggestions and corrections to improve the paper. 
For any rational number x = a/b, we denote by num(x) the numerator of x, i.e.,
.
For a prime divisor p of N, there is the degeneracy map γ p : 
and is denoted by
For a prime divisor p of N, we denote by w p the Atkin-Lehner operator (with respect to p) acting on J 0 (N) (and the space of modular forms of level N) (For more detail, see [12, §1] ).
For a prime p, we denote by Frob p an arithmetic Frobenius element for p in Gal(Q/Q).
EISENSTEIN IDEALS
From now on, we denote by N a square-free integer greater than 6 and let T := T(N) 
THE CUSPIDAL GROUP
As before, let N denote a square-free integer and let M = 1 denote a divisor of N.
For a divisor k of N, we denote by P k the cusp corresponding to 1/k in P 1 (Q). We denote by C M, N the equivalence class of a cuspidal divisor 
where h is either 1 or 2. Moreover, h = 2 if and only if one of the following holds:
Remark 3.2. The size of the set C N is computed by Takagi [18] . Recently, Harder discussed the more general question of giving denominators of Eisenstein cohomology classes. The order of a cuspidal divisor is a special case of such a denominator and some cases were computed by a slightly different method from the one used here [7, §2] .
Before starting to prove this theorem, we define some notations and provide lemmas. (2) We define the total ordering on S as follows.
Let a, b ∈ S and a = b.
•
• If ω(a) = ω(b), then we use the anti-lexicographic order. In other words,
We define the addition ⊞ on S as follows. We denote by S = {d 1 ,
For ease of notation, we denote by d ij the sum d i ⊞ d j .
Lemma 3.3.
We have the following properties of ⊞.
( 
where r(k) is the unique integer between 1 and s such that d r(
Proof. The first, second, third and fourth easily follow from the definition. 
By abuse of notation, we denote by • Assume that t = n. From the definition of d r(k) , we get c t = e t . Therefore x t = y t .
• Since d ij and d kj is not divisible by p n , we get a n + b n = 1 = c n + b n . Therefore a n = c n . Since d r(k)j is divisible by p n , we get e n + b n + 1 ≡ 1 (mod 2). Therefore
From now on, we follow the notations in [9, §2] . In our case, the s × s matrix Λ on page 35 of op. cit. is of the form
Lemma 3.4. We get
Proof. This is clear from the definition. 
Proof. We compute B := 24 × Λ × A.
• Assume that i = j. Then, we have
• Assume that i = j. Then, d ij = N. Let q be a prime divisor of N/d ij . We denote by T j the subset of S such that
. Therefore, we have
The matrix form of C M, N in the set S 2 on [9, P. 34] is then
Finally, we prove the following lemma. 
. Moreover if M = N, then we get
Then, by direct calculation we have
and the sign of (
We denote by 
and therefore the result follows. Now we give a proof of the theorem above.
Proof of Theorem 3.1. We check the conditions in [9, Proposition 1.1]. We use the same notation as in loc. cit.
• The condition (0) implies that the order of C M, N is of the form ϕ(N)ψ(N/M) 24
× g for some integer g ≥ 1.
• The condition (1) always holds unless
• The condition (2) implies that g = num(
• The condition (3) always holds.
• The condition (4) always holds unless M is a prime because ∏ δ|N δ r δ = 1. If M is a prime, then it implies that gϕ(N/M) is even because ∏ δ|N δ r δ = M −gϕ(N/M) .
In conclusion, the order of C M, N is equal to num( ϕ(N)ψ(N/M) 24
) × h for the smallest positive integer h satisfying all the conditions above. Therefore we get h = 1 unless all the following conditions hold:
(1) M is a prime;
Moreover if all the conditions above hold, then h = 2. By the first condition, M is a prime. By the second condition, either N = M or N = 2M.
• Assume that N = M is a prime greater than 3. Then, h = 2 if and only if M ≡ 1 (mod 8). This is proved by Ogg [13] .
• Assume that N = 2M. Then, h = 2 if and only if M ≡ 1 (mod 8). This is proved by Chua and Ling [1] . 
EISENSTEIN SERIES As before, let
Using these operators, we define Eisenstein series of weight 2 and level N: 
Moreover, for a prime divisor p of N we have
Proof. The first statement follows from the definition (cf. [11, §II.5] 
Theorem 5.2. If M = N, then the index of I M, N is equal to the order of C M, N .
Before starting to prove the theorems, we introduce some notations. 
(T/I
where h is the number in Theorem 3.1.
Therefore to prove Theorem 5.1 (resp. Theorem 5.
2) it suffices to show that α(ℓ) ≤ β(ℓ)
for all odd (resp. all) primes ℓ. If α(ℓ) = 0, then there is nothing to prove. Thus, we now assume that α(ℓ) ≥ 1. Let
and let δ be a cusp form of weight 2 and level N over the ring T/I ≃ Z/ℓ α(ℓ) Z whose
Now we prove the theorems above. 
Since δ is a cusp form modulo 3 α(3) , we get Res P N/p (8δ) ≡ 0 (mod 3 α(3) ) and hence • If ℓ ∤ N, then by Ohta [12, Lemma (2.1.1)], we can find a modular form g of weight 2 and level 1 such that f (z) = g(Nz). Therefore A ≡ 0 (mod ℓ α(ℓ) ) (cf.
[11, §II, Proposition 5.6]) and hence α(ℓ) ≤ β(ℓ).
• Let E 4 be the usual Eisenstein series of weight 4 and level 1:
where σ 3 (n) = ∑ d|n d 3 • If ℓ ≥ 5, then g is a mod ℓ modular form of weight 2 and level N as above. Since the q-expansion of g is
we get g = 0 by [11, §II, Lemma 5.10], which is a contradiction. Therefore m is not maximal.
• If ℓ = 3, then g is a modular form of weight 2 and level N over Z/9Z as above. . Therefore the result follows because p ≡ 1 (mod ℓ).
PROOF OF THE MAIN THEOREM
In this section, we prove our main theorem. • If N is a prime, this is proved by Mazur [11] .
• 
